Abstract. We investigate three-body motion in three dimensions under the interaction potential proportional to r α (α = 0) or log r, where r represents the mutual distance between bodies, with the following conditions: (I) the moment of inertia is non-zero constant, (II) the angular momentum is zero, and (III) one body is on the centre of mass at an instant.
Introduction
In 1970's, Saari formulated a conjecture [1, 2] , which is now called "Saari's Conjecture": In the n-body problem under the Newtonian gravity, if the moment of inertia is constant then the motion must be a relative equilibrium. Recently, three-body choreography, equal mass three-body periodic motion on a planer closed curve on which each body chase each other, was found by Moore [3] , Chenciner, Montgomery [4] and Simó [5, 6] . This motion is now called "three-body figure-eight choreography". Simó noticed that the moment of inertia was not constant on figure-eight solution for the Newtonian potential, despite the relative variation along the orbit is small [7] . Inconstancy of the moment of inertia of figure-eight solution is consistent to the Saari's Conjecture.
On the other hand, it is well known that in the n-body problem under the attractive potential proportional to r −2 , where r is the mutual distance between bodies, the moment of inertia I for any periodic motion must be constant. This is because the second derivative of the moment of inertia with respect to time under this potential yields the Lagrange-Jacobi identity d 2 I/dt 2 = 2E, where E represents the total energy. Integrating this equation, we get I = Et 2 + c 1 t + c 2 with integration constant c 1 and c 2 . For any periodic motion under this potential, therefore, the total energy must be zero and the moment of inertia must be constant.
Numerical evidence of existence of three-body figure-eight choreography is known under the attractive interaction potential proportional to r α (α = 0) with α < 2 or log r [3] . Then, Chenciner formulates a problem [8] : Show that the moment of inertia of figure-eight choreography stays constant only when α = −2. We call this problem Saari-Chenciner's problem. In this paper, we solved this Saari-Chenciner's problem.
Actually, we investigated the three-body motion in three dimensions under the attractive interaction potential proportional to r α (α = 0) or log r with the following conditions: (I) the moment of inertia is non-zero constant, (II) the angular momentum is zero, and (III) one body is on the centre of mass at an instant. We proved Theorem 1: Motion which satisfies the conditions (I)-(III) with equal masses under the potential α = −2, 2, 4 is impossible.
We solved explicitly motions which satisfy the conditions (I)-(III) with equal masses under the potential α = 2 or 4, and show that these motions do not have figureeight shape and have collision. Since three-body figure-eight choreography satisfies the conditions (II)-(III) with equal masses and have no collision, the Saari-Chenciner's problem is solved.
We also proved Theorem 2: Motion which satisfies the conditions (I)-(III) with general masses under the Newtonian potential α = −1 is impossible.
Construction of this paper is as follows. In section 2 we clarify the consequences of the conditions (I)-(III) for general masses and general α. Prescription of our proof of the Theorem 1 and 2 are given in this section. In section 3 we treat the case of equal masses. In section 3.1 a proof of the Theorem 1 is given. In section 3.2 we give motions explicitly which satisfy the conditions (I)-(III) with equal masses under the potential α = 2 or 4, and show that these solutions do not have figure-eight shape, and have collision. In section 4 we treat the case with general masses under the Newtonian potential α = −1, and give a proof of the Theorem 2. Summary and discussions are given in section 5. Some algebraic details for the section 3.1 are shown in Appendix A.
Consequences of the conditions (I)-(III)
In this section we clarify the consequences of the conditions (I)-(III) with general masses and general α, and give prescription of our proof of the Theorem 1 and 2.
Let us consider the three-body problem in three dimensional space. Let m i be masses of bodies i = 1, 2, 3, and let r i (t) and v i (t) be position and velocity vectors of them at time t, respectively. The moment of inertia with respect to the origin I, the kinetic energy K and the angular momentum L are defined as follows,
To treat the power-law and logarithmic potentials uniformly, we use the following expression for the potential energy,
where r ij represents the mutual distance of body i and j, i.e., r ij = (r i − r j ) 2 . Note that the force f i acting on the body i given by
is a continuous function of α and is attractive force for all α. Non-existence of motions with constant moment of inertia under repulsive forces is obvious. See comment for repulsive force in the second paragraph from the end of section 5.
Without loss of generality, we can take the centre of mass to be the origin,
the origin of time, t = 0, to be the instant of the condition (III), and
Then the equations for the centre of mass (6), the first derivative of the moment of inertia (1) with respect to time and the zero angular momentum (3) at t = 0 yield
Using the equation (8), let a = m 1 r 1 (0) = −m 2 r 2 (0). Then the above equations become
Since (a·b) 2 +(a×b) 2 = (a 2 )(b 2 ) holds for arbitrary vectors a and b, the equations (11) and (12) demand a = 0 or v 1 (0) = v 2 (0). If a = 0 then r i (0) = 0 for all i = 1, 2, 3 and the moment of inertia at t = 0 is zero. This contradicts the condition (I). Then, we can express variables at t = 0 as follows,
Therefore, motion under the conditions (I)-(III) must be on a plane defined by a and u. Here, it is well known that the three body motion with zero-angular momentum, the condition (II), always planar [9, 10] . Using the rotation and the scaling invariance of this system, we can take the Cartesian component of these variables as follows,
Then the kinetic and potential energies at t = 0 are given by
and
The second derivative of the moment of inertia with respect to time yields the Lagrange-Jacobi identity,
where E represents the total energy E = K + V α . Thus the condition for the second derivative d 2 I/dt 2 = 0 yields
Note that the right-hand side of the above equation is a continuous function of α.
Equations (19), (20) and (22) determine the speed u in equation (18) for all α, as follows
As shown above, conditions I = 0, dI/dt = 0, d 2 I/dt 2 = 0 and (II)-(III) at t = 0 determine the initial values with only one parameter θ in equation (18) left undetermined.
Higher order derivatives of I = const.,
do not produce any more conditions for α = −2. On the other hand, for the case α = −2 they give infinitely many conditions. We call these equations at t = 0
the consistency conditions because these conditions must be satisfied by the initial values given above if motion with conditions (I)-(III) is consistent. By virtue of the equation of motion, the differential operator d/dt acting on V α is given by
Using this expression and the initial values, we can calculate d n V α /dt n at t = 0 up to any order we want. In the following sections we check the consistency conditions (24), and prove the Theorem 1 and 2.
3. The case with three equal masses
Inconstancy of Moment of Inertia with equal masses for
In this section, we check the consistency conditions (24) with equal masses for α = −2 and prove the Theorem 1.
We take m i = 1 for all i = 1, 2, 3. Then the initial values in (15)-(20) are
From the equation (23), the speed u is
for all α, including α = 0. Let us check the consistency conditions (24). Since the time reversal of the initial values (26) and (27) is equivalent to the 180 degrees rotation of this system around the origin and exchange of the index 1 ↔ 2 and the potential V α is invariant under this transformation, the potential V α is invariant under the time reversal, i.e., V α (r i (−t)) = V α (r i (t)). Therefore, all odd order derivatives at t = 0 vanish
The consistency condition for the second derivative gives
If α = 2, this equation is satisfied for all θ. For α = 2, this equation yields
Note that the right-hand side is monotonically increasing continuous function of α, is 1 at α = 4, and is larger than −1 for all α. Thus, there is no solution of
where, One can easily verify that α = 2 or 4 are the common roots of f 4 (α, 2 α ) = 0 and f 6 (α, 2 α ) = 0. Moreover f 4 (α, 2 α ) = 0 and f 6 (α, 2 α ) = 0 have another root α = −1.88... and α = −1.82..., respectively. In Appendix A, we prove rigorously the common root of f 4 (α, 2 α ) = 0 and f 6 (α, 2 α ) = 0 are only α = 2, 4. Therefore, existence of motion which satisfy conditions (I)-(III) with equal masses is not consistent for α = −2, 2, 4.
Motions for α = 2, 4
In this section, we give motions explicitly which satisfy conditions (I)-(III) with equal masses under the potential α = 2 and 4. Then, we discuss the origin of these solutions from general framework.
For α = 2, equation (30) gives u = 1. The initial values are
Here, we have used i r i (t) = 0. Solution is
with arbitrary angel θ. One can easily verify that the moment of inertia is constant
Obviously, the shape of this motion is not figure-eight. This is because figure-eight must have two different periods for major and minor axes, while this potential is for an isotropic harmonic oscillator. Since r 1 − r 2 = (2 cos( √ 3 t), 0), the bodies 1 and 2 collide at t = π/(2 √ 3 ) for any angle θ. For α = 4, the initial values are the same as equations (38) and (39) 
The motion is therefore one dimensional. We take the angle θ = 0. Motion with θ = π is equivalent to time reversal motion of θ = 0. We write r i (t) = (x i (t), 0) and v i (t) = (v i (t), 0). Initial conditions are
Equation of motion is
with (i, j, k) = (1, 2, 3), (2, 3, 1) or (3, 1, 2). Since i x i (t) = 0, this equation is reduced into [11] 
Therefore, if the moment of inertia is constant I = 2
i (t) = 1, the equation of motion is equivalent to that of a harmonic oscillator
Solution is
One can easily verify that the moment of inertia of this solution is constant I = 1, and that the bodies 1 and 3 collide at t = π/18. Since this motion is one dimensional, this motion is not figure-eight too.
The origin of the above solutions are as follows [11, 12] . For α = 2, let us consider three dimensional motions with general masses m i . The fact that the centre of mass is at the origin implies
Here we write M = i m i . Then the Lagrange-Jacobi identity (21) yields
dt 2 = 2E − 4MI. For α = 4, let us consider one dimensional motions with equal masses. The situation is similar due to the identity 1 2 i>j
Then the Lagrange-Jacobi identity yields
Therefore dI/dt = 0 and d 2 I/dt 2 = 0 is sufficient to be I =constant for both cases. This is the reason why higher derivatives of I do not give any conditions for initial values as shown in the section 3.1.
The case with general masses for α = −1
In this section, we check the consistency conditions (24) with general masses under the Newtonian gravity α = −1, and prove the Theorem 2.
From the equation (23), the speed u is given by
And consistency condition for the first derivative gives 
Since m 1 = m 2 , the time reversal is equivalent to 180 degrees rotation around the origin and exchange the index 1 ↔ 2. Therefore V −1 (r i (−t)) = V −1 (r i (t)) and the consistency conditions for odd order derivatives are satisfied d n V −1 /dt n (0) = 0 for n = 1, 3, 5, · · ·. The condition for the second derivative gives
This condition is satisfied by the angle cos 2θ = − 5 + 6µ 12 + 6µ .
And the condition for the fourth derivative,
can be satisfied if
.
But the sixth derivative is always negative,
Therefore, V −1 (t) =const. is not consistent in this case. For the case m 1 = m 2 and cos θ = 0: In this case, the time reversal is equivalent to reflection of the y axis, y ↔ −y. Therefore V −1 (r i (−t)) = V −1 (r i (t)) and the consistency conditions for odd order derivatives are satisfied
The condition for the second derivative gives quadratic equation for m
with 
This condition is satisfied if
But the fourth derivative has the following form
where p 0 = 7m 
Thus
is not consistent in this case too.
Summary and discussions
In this paper, we have solved Saari-Chenciner's problem: the moment of inertia of the three-body figure-eight choreography under the attractive potential V α defined in (4) stays constant if and only if α = −2. This Saari-Chenciner's problem for α = −1 is a tiny piece of the Saari's Conjecture, because a relative equilibrium of the three bodies yields the non-zero angular momentum and contradicts the zero angular momentum of the figure-eight choreography. On the other hand, since Saari-Chenciner's problem states the motion for all α, it is considered to be a partial extension of the Saari's Conjecture. Though the three-body figure-eight choreography with α = −2 having constant moment of inertia [3] [5] is not given analytically, it will be obtained numerically from the set of initial conditions at t = 0 given in equations (26), (27) 
Here suitable values of θ should be chosen. The analytical method how to determine the values of θ is not known. If a θ 0 gives a figure-eight then −θ 0 and π ± θ 0 give the same figure-eight. So we have four θ for one figure-eight. Uniqueness of figure-eight is still unproved. In order to solve the Saari-Chenciner's problem, we have considered the motion which satisfies the conditions (II) and (III) instead of the three-body figure-eight choreography. The set of initial conditions of the motion, {r 1 , r 2 , r 3 , v 1 , v 2 , v 3 }, at the instant of the condition (III), t = 0, has been written by only one parameter θ in equation (18). The set has been determined by the conditions (II), (III), I = 0, dI/dt = 0, and d 2 I/dt 2 = 0 at t = 0. Since we have considered the motion under the conditions (II) and (III), we have obtained the Theorem 1 as a by-product. It is applicable to wide class of motion more than the figure-eight choreography. For example, though the H3 orbit found by Simó [6] is not the figure-eight choreography because each particle runs in the different figureeight orbit, it satisfies the conditions (II), (III) and I = 0. Therefore the H3 orbit can not have constant moment of inertia by Theorem 1.
Theorem 1 have stated that there may exist motions for α = 2, 4 other than α = −2. In connection with Saari-Chenciner's problem, we have given the explicit solutions for α = 2, 4 and have shown that they are never the figure-eight choreography because they all have collisions.
If we consider a wider class of interaction potential other than the power law including log potential, the figure-eight choreography with constant moment of inertia is possible. For example, under the artificial potential 1/2 log r − √ 8/3r 2 , we find a threebody choreography on the lemniscate, a kind of analytical figure-eight. This motion has a constant moment of inertia. [13] As we noted in section 2, we comment on non-existence of the motion under the repulsive potential −V α for the general mass three-body system for all α. This is almost obvious but can be proved since the equation (21) For the three-body system with general masses, the same analysis will be possible but it will become more complex. We then have done the analysis only for the realistic potential, the Newtonian potential α = −1 and have obtained Theorem 2, which states that the motion having constant moment of inertia is impossible. This is also consistent with the Saari's Conjecture. Though Theorem 2 is still a tiny piece of the Saari's Conjecture, it will be extended to arbitrary α. Actually for the equal mass system we could obtain the Theorem 1 and could apply it to solve the Saari-Chenciner's problem. Extension of the Theorem 2 for all α = −2 is left for the future work. the positive root y 0 is in the interval 1/2 < y 0 < 1/ √ 2. Therefore roots of R(2 α ) = 0 are α = 2, 4 and α 0 with −1 < α 0 < −1/2.
But we can show that f 4 (α, 2 α ) = 0 does not have root between −1 < α 0 < −1/2 as follows. Let us introduce new variable β = −α, and two monotonically increasing function g (+) (β) and g (−) (β). If α 0 is a root of f 4 (α, 2 α ) = 0, β 0 = −α 0 satisfies g (+) (β 0 ) = g (−) (β 0 ) with 1/2 < β 0 < 1. Since functions g (±) (β) are monotonically increasing functions, we get This is a contradiction. Thus, we proved that common roots of f 4 (α, 2 α ) = 0 and f 6 (α, 2 α ) = 0 are only α = 2, 4.
